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Abstract 

We investigate the angular distribution of photons in the coherent bremsstrahlung process 
by high-energy electrons in a periodically deformed single crystal with a complex base. The 
formula for the corresponding differential cross-section is derived for an arbitrary deformation 
field. The case is considered in detail when the electron enters into the crystal at small angles 
with respect to a crystallographic axis. The results of the numerical calculations are presented 
for Si02 single crystal and Moliere parameterization of the screened atomic potentials in the 
case of the deformation field generated by the acoustic wave of S -type. 
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1 Introduction 

The investigation of high-energy electromagnetic processes in crystals is of interest not only 
from the viewpoint of underlying physics but also from the viewpoint of practical applications. 
From the point of view of controlling the parameters of various processes in a medium, it is 
of interest to investigate the influence of external fields, such as acoustic waves, temperature 
gradient etc., on the corresponding characteristics. The considerations of concrete processes, 
such as diffraction radiation [Ij, transition radiation [2], parametric X-radiation |3j, channelling 
radiation [1], bremsstrahlung by high-energy electrons [5], have shown that the external fields 
can essentially change the angular-frequency characteristics of the radiation intensities. Recently 
there has been broad interest to compact crystalline undulators with periodically deformed 
crystallographic planes an efficient source of high energy photons [6] (for a review with more 
complete list of references see j7| ) . The coherent bremsstrahlung of high-energy electrons moving 
in a crystal is one of the most effective methods to produce intense beams of highly polarized and 
monochromatic photons. Such radiation has a number of remarkable properties and at present 
it has found many important applications. This motivates the importance of investigations 
for various mechanisms of controlling the radiation parameters. In [5j we have discussed the 
influence of hypersonic waves excited in a crystal on the process of the bremsstrahlung of high- 
energy electrons. To have an essential influence of the acoustic wave high-frequency hypersound 
is needed. Usually this type of waves is excited by high-frequency electromagnetic fleld through 
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the piezoelectric effect in crystals with a complex base. In the paper [5], we have generalized the 
results of [5] for crystals with a complex base and for acoustic waves with an arbitrary profile. 
For the experimental detection of final particles in the process of coherent bremsstrahlung it is 
important to know their angular distribution. In the present paper the angular distribution of 
photons in the coherent bremsstrahlung in crystals is investigated in the presence of hypersonic 
wave. The numerical calculations are carried out for the quartz single crystal and for the 
electrons of energy 20 GeV. 

The paper is organized as follows. In the next section we derive the general formula for 
the coherent part of the bremsstrahlung cross-section averaged on thermal fluctuations and the 
conditions are specified under which the influence of the deformation field can be considerable. 
In Sec. 3 the analysis of the general formula is presanted in the cases when the electron enters 
into the crystal at small angles with respect to crystallographic axes or planes and the results of 
the numerical calculations for the cross-section as a function of the angle between the momenta 
of electron and photon. Sec. 4 summarizes the main results of the paper. 



2 Angular dependence of the cross-section 



We consider the bremsstrahlung by high-energy electrons in a single crystal. The correspond- 
ing cross section can be obtained from the cross section for the bremsstrahlung on a single 
atom derived in [9]. The formulae |10j practically cannot be used for the investigation of 
bremsstrahlung in case of potentials of a complex form, for example in a crystal, as errors 
of approximations, admissible in the case of a single scattering center, can become inadmissible 
greater for many centers. By making use of the results derived in [9], the differential cross section 
for the bremsstrahlung on a single atom is presented in the form (the system of units h = c = 1 
is used) 
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where e is the electron charge, uj, ei, €2, are the energies of photon, initial and final electrons 
respectively, 6 = mlu/ (2eie2), m-e is the mass of electron, and q± are the components of 
the vector of momentum transfer q, q = — p2 — k (k, pi, p2 are the momenta of photon, 
initial and final electrons respectively), parallel and perpendicular to the direction of the electron 
momentum, u (q) is the Fourier transform of the atom potential. The variable y is expressed in 
terms of the angle 9^ between the momenta pi and k by the following relation: 
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The regions of variables q\\, q±, y in cross-section ([T]) are as follows [9j: 

qil^5 + ^, -li^y^l, q±;?0. 
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The differential cross-section for the bremsstrahlung in a crystal can be written in the form 
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where r„ is the position of an atom in the crystal. In the discussion that fohows, the collective 
index n enumerates the elementary cell and the subscript j enumerates the atoms in a given 
cell of a crystal. Here q is the momentum transferred to the crystal, q = — p2 — k and the 
differential cross-section in a crystal given by (|4]), differs from the cross-section on an isolated 
atom by the interference factor which is responsible for coherent effects arising due to the 
periodical arrangement of the atoms in the crystal. 

After averaging on thermal fluctuations, the cross-section is written in the form (see, for 
instance for the case of a crystal with a simple cell) 
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where is the number of cells, r^g determine the equilibrium positions of the atoms, uf is 
the temperature-dependent mean-squared amplitude of the thermal vibrations of the jth atom, 

e~i is the corresponding Debye- Waller factor. In formula ([5]) the first term in figure braces 
does not depend on the direction of the vector k and determines the contribution of incoherent 
effects. The contribution of coherent effects is presented by the second term. By taking into 
account the formula ([T]) for the cross-section on a single atom, in the region eig^/wrrig <^ 1 the 
corresponding part of the cross-section in a crystal can be presented in the form 
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When external influences are present (for example, in the form of acoustic waves) the po- 



sitions of atoms in the crystal can be written as r, 
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where vfil determines the 



equilibrium position of an atom in the situation without deformation, u^^^ is the displacement 
of the atom caused by the external influence. We consider deformations with the periodical 
structure: 
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where uq and k^ are the amplitude and wave vector corresponding to the deformation field, / (x) 
is an arbitrary function with the period 27r, max / {x) = 1. In the discussion that folows, we 
assume that / (x) G C°° {R). Further following [11] and having made similar steps we receive 
the following formula for the differential cross section of coherent bremsstrahlung: 
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where A^o is the number of atoms in the crystal = g— mk^, g is the reciprocal lattice vector, 
— mk<j stands for the momentum transfer to the external field, g\\ and g± are the components of 
the vector g^. The function {x) is defined by relation 
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is the factor determined by the structure of the elementary cell. For a lattice with a complex 
cell the coordinates of the atoms are written as Vnl = R-n + Pj, with R„ being the positions 
of the atoms for one of primitive lattices, and pj are the equilibrium positions for other atoms 
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inside n-th elementary cell with respect to R„. Now the relation between the variables y and 
9^ is written in the form: 

me {eie.,/m,f -l/5{grr4-5-gl^J{2ei)+gl^8/ml) 

y = 75 1 (10) 

The regions of variables in cross-section are 

9m\\>5+^^,-^<y<h9mL>^. (11) 

For sinusoidal deformation field, / [z) = sin(z + ipo)^ one has the Fourier-transform 

i^m(x) = e*"^'^oJ™(x), (12) 

with the Bessel function (x). 

The formula for the pair creation in an undeformed crystal is obtained from ([SD taking 
uq = 0. In this limit, the contribution of the term with m = remains only with Fq (0) = 
1. Now we see that formula ([8]) differs from the formula in an undeformed crystal by the 
replacement g — ?> g^, and by the additional summation over m with the weights \Fm (gmUo) p. 
This corresponds to the presence of an additional one-dimensional superlattice with the period 
\s and the reciprocal lattice vector mk^, m = 0,ibl,zb2,... . As the main contribution into the 
cross-section comes from the terms with g^\\ ~ 5, the influence of the deformation field may be 
considerable if |rrtA;s||| > 5. Combining this with the previous estimates, we find the following 
condition: uq/Xs ^ a/Air'^lc- At high energies one has a/lc <C 1 and this condition can be 
consistent with the condition uq/Xs ^ 1. 

In the presence of the deformation field the number of possibilities to satisfy the condition 
9m\\ > (5 + 9m±/ (^^1) ™ summation of formula ([8]) increases due to the term m/c^|| in the 
expression for (^^y . This leads to the appearance of additional peaks in the angular distribution 
of the radiated positrons. After the integration of ([8]) over y, due to these additional peaks, 
there can be an enhancement of the cross-section of the process [8] . 



3 Limiting cases and numerical results 

Now, we consider the most interesting case when the electron enters into the crystal at small 
angle 9 with respect to the crystallographic z -axis of the orthogonal lattice. The corresponding 
reciprocal lattice vector components are gi = 27rnj/aj, Ui = 0, ±1, ±2, , where Oj, i = 1,2,3, 
are the lattice constants in the corresponding directions. For the longitudinal component we 
can write 

9m\\ = 9mz COS 6 + {gmy COS o + gmx sin a) sin 6, (13) 

where a is the angle between the projection of the vector pi on the plane {x, y) and axis y. 
For small angles 9 the main contribution into the cross-section comes from the summands with 
gz = 0. Having made the replacement of variable y — > eiO^/rrif, using the formula ()10p from 
formula ([8|) one finds 
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where the notation 



is intrduced in accordance with: 
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9m\\ ~ -mk;, + {gmx sin a + gmy cos a) 6*. (16) 

Note that in the argument of the functions Fm and S we have gm « {gx,9yi 0). 

We now assume that the electron enters into the crystal at smah angle 9 with respect to 
the crystahographic axis z and near the crystahographic plane {y,z) (the angle a is smah). In 
this case with the change of 5, the sum over g^ and gy will drop sets of terms which lead to 
the abrupt change of the corresponding cross-section. Two cases have to distinguish. Under the 
condition 6 ~ 2TT6/a2, in Eq. (fH|l for the longitudinal component, one has 
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The formula ()14p can be further simplified under the assumption uq -L ai. In this case, in 
the argument of the function Fm, one has gm,uo ~ gyUoy and we obtain the formula 
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In the second case, we assume that b ~ 21x0 a la\. Now the main contribution into the sum in 
Eq. (|14|) comes from terms with gy = and summations remain over m and ni, gx = 27rni/ai. 
The formula for the cross-section takes the form 
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where 



(20) 



and the summation goes over the values m and ni satisfying the condition > 6 + g^/ (2ei). 

We have carried out numerical calculations for the coherent bremsstrahlung cross-section for 
various values of parameters in the case of Si02 single crystal at zero temperature. To deal 
with an orthogonal lattice, we choose as an elementary cell the cell including 6 atoms of silicon 
and 12 atoms of oxygen (Shrauf elementary cell [l2]). For this choice the y and z axes of the 
orthogonal coordinate system (x, y, z) coincide with the standard Y and Z -axes of the quartz 
crystal, whereas the angle between the axes x and X is equal to it/ 6. For the potentials of atoms 
we take Moliere parametrization with 
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Figure 1: Coherent bremsstrahlung cross-section, W~'^{m'^uj/e^)da^/du}, evaluated by the for- 
mula from ref. [8], as a function of uj/ei for 2iTUQ/ai = (dashed curve), 27rno/ai = 0.82 
(full curve), and as function of 27ruo/ai (right panel) for the photon energy corresponding to 
Lo/ei = 0.055. The values for the other parameters are as follows: V = 0.00037, ei = 20GeV, 
z^s = 5 • 10^ Hz. 

where a, = {0.1,0.55,0.35} , Xi = {6.0, 1.2,0.3} , Rj is the screening radius for the j-th atom in 
the elementary cell. 

The calculations are carried out for the sinusoidal transversal acoustic wave of the S-type 
(the corresponding parameters can be found in Ref. |13j ) for which the vector of the amplitude 
of the displacement is directed along X direction of quartz single crystal, uq = (uq, 0, 0), and the 
velocity is 4.687-10^ cm/sec. The vector determining the direction of the hypersound propagation 
lies in the plane YZ and has the angle with the axis Z equal to 0.295 rad. As the axis z we choose 
the axis Z of the quartz crystal. The corresponding function F (x) is determined by formula [H 
We have numerically evaluated the pair creation cross-section by making use of formulae ()19p for 
values of parameters ei, ip, uq taken from ^ when one has an enhancement of the cross-section. 

Numerical calculation show, that in dependence of the values for parameters, the external 
excitation can either enhance or reduce the cross-section of the bremsstrahlung process. As 
an illustration of the enhancement in the cross-section integrated over the angle 6^, on the 
left panel of Fig. [T] we have plotted the quantity 10~'^{m'^uj/e^)da^/duj, evaluated by using 
the formula from ref. [8], as a function of the ratio uj/ei in the case of Si02 mono crystal 
and Moliere parametrization of the screened atomic potential for 27rno/ai = (dashed curve), 
27ruo/ai = 0.82 (full curve). On the right panel the same quantity is plotted as a function 
of 27ruo/ai for the photon energy corresponding to uj/ei = 0.055. The values for the other 
parameters are taken as follows: ei = 20 GeV, ip = 0.00037, Us = 5 ■ 10^ Hz for the frequency of 
acoustic waves. For the amplitude of the deformation field corresponding to the numerical data 
of Fig. [T]the relative displacement of the neighboring atoms is of the order 10~^^, which is much 
smaller than the interatomic distance (~ 5^). For these values of parameters, when one has 
an enhancement of the cross-section integrated over the angle 6^, we have numerically analyzed 
the angular dependence of the bremsstrahlung cross-section by making use of formula (jl9p . In 
Fig. [2] the quantity 10~^(mgU;/e^)d^fj^/da;d (ei^^/mg) is depicted as a function of eiO^/nie in 
the case of Si02 monocrystal for uq = (dashed curve) and 2-iruo/ai = 0.82 (full curve). The 
values for the other parameters are taken as follows: oj/ei = 0.055, ei = 20 GeV, Vs = 5 ■ 10^ 
Hz, -0 = 0.00037. 
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In order to see the dependence of the results on the energy of the incommg electron, in Fig. 
Owe have presented the quantity 10~'^ {mgUj/e^)da^/dco, evaluated by using the formula from 
ref. [8], as a function of the ratio co/ei in the case of Si02 mono crystal for InuQ/ai = 
(dashed curve), 27rno/ai = 0.85 (full curve). On the right panel the same quantity is plotted 
as a function of Ittuq/ui for the photon energy corresponding to w/ei = 0.0266. The values for 
the other parameters are taken as follows: ei = 10 GeV, ip = 0.000364, I'g = 5 ■ 10^ Hz for the 
frequency of acoustic waves. 

In FiglUwe have depicted the quantity 10~^{m1ijj/e'^)d?a'^/dujd{ei9-y/me) as a function of 
eiO^/nie in the case of Si02 mono crystal for uq = (dashed curves), 27rno/ai = 0.85 and for 
ip = 0.000364. The values for the other parameters are as follows: uj/ei = 0.0266, ei = 10 GeV, 
f s = 5 • 10^ Hz for the frequency of acoustic waves. 

As we see from the presented example, the presence of the deformation field leads to the 
appearance of additional peaks in the angular distribution of the emitted photon even for such 
ranges of values of an angle of photon momentum, where due to the requirement — 1 < y < 1 the 
cross-section of process is zero when the deformation is absent. As we have already mentioned 
before, this is related to that in the presence of the deformation field the number of possibilities 
to satisfy the condition ^r^n > 6 + g^x/ (2ei) in the summation in formula (jH]) increases due to 
the presence of the additional term mkgu in the expression for g^u. 




Figure 2: Coherent bremsstrahlung cross-section, lO"'^ (mlei /e^)d'^ay dud {ei9^/ me), evaluated 
by formula ( [T9]) . as a function of ujO^/me for 27rno/ai = (dashed curve), 2-KUQ/ai = 0.82 
(full curve), ip = 0.00037. The values for the other parameters are as follows: uj/ei = 0.055, 
ei = 20GeV, Vg = 5 ■ 10^ Hz for the frequency of acoustic waves. 



4 Conclusion 

The present paper is devoted to the investigation of the angular distribution of the electron 
in the bremsstrahlung process by high-energy electrons in a crystal with a complex lattice 
base in the presence of deformation field of an arbitrary periodic profile. The latter can be 
induced, for example, by acoustic waves. The influence of the deformation field can serve as a 
possible mechanism to control the angular-energetic characteristics of the created particles. The 
importance of this is motivated by that the coherent bremsstrahlung of high-energy electrons 
moving in a crystal is one of the most effective methods to produce intense beams of highly 
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Figure 3: Coherent bremsstrahlung cross-section, \{)~^{'m1u} /e^)dal/ du^ evaluated by the for- 
mula from ref. [8], as a function of oj/ei for 27rno/ai = (dashed curve), 27rno/ai = 0.85 
(full curve), and as function of InuQ/ai (right panel) for the photon energy corresponding to 
oj/ei = 0.0266. The values for the other parameters are as follows: ip = 0.000364, ei = lOGeV^, 
z^s = 5 • 10^ Hz. 




Figure 4: Coherent bremsstrahlung cross-section, 10'"^ {m'lei/e^)d'^af^/ dud {ei0^/ me), evaluated 
by formula ([19]), as a function of LoO^/nie for 27r?xo/ai = (dashed curve), Inuo/ai = 0.85 
(full curve), V = 0.000364. The values for the other parameters are as follows: u/ei = 0.0266, 
ei = WGeV, Vg = 5 ■ lOP Hz for the frequency of acoustic waves. 
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polarized and monochromatic photons. In a crystal the cross-section is a sum of coherent and 
incoherent parts. The coherent part of the cross-section per single atom, averaged on thermal 
fluctuations, is given by formula ([5]). In this formula the factor \Fm (gmUo)P is determined by 
the function describing the displacement of the atoms due to the deformation field, and the factor 
|'S'(gm)g)P is determined by the structure of the crystal elementary cell. Compared with the 
cross-section in an undeformed crystal, formula ([8]) contains an additional summation over the 
reciprocal lattice vector of the one-dimensional superlattice induced by the deformation field. We 
have argued that the influence of the deformation field on the cross-section can be remarkable 
under the condition 47r^no/a > Xs/lc- Note that for the deformation with Air'^UQ/a > 1 this 
condition is less restrictive than the naively expected one < Ic- The role of coherence effects 
in the pair creation cross-section is essential when the photon enters into the crystal at small 
angles with respect to a crystallographic axis. In this case the main contribution into the coherent 
part of the cross-section comes from the crystallographic planes, parallel to the chosen axis (axis 
z in our consideration). The behavior of this cross-section as a function on the positron energy 
essentially depends on the angle 9 between the projection of the electron momentum on the plane 
(x, y) and y-axis. When the electron enters into the crystal near a crystallographic plane, two 
cases have to be distinguished. For the first one 9 ~ a2/27r/c the formula (jl4p is further simplified 
to the form (fTSl) under the assumption uq _L ai. In the second case one has ip = a9 ^ ai/2TTlc, 
and the main contribution into the cross-section comes from the crystallographic planes parallel 
to the incidence plane. The corresponding formula for the cross-section takes the form ()19p . 
The numerical calculations for the cross-section are carried out in the case of Si02 single crystal 
with the Moliere parametrization of the screened atomic potentials and for the deformation 
field generated by the transversal acoustic wave of 5 - type with frequency 5 GHz. Examples of 
numerical results are depicted in figures. The numerical calculations for values of the parameters 
in the problem when one has an enhancement of the cross-section show that the presence of the 
deformation field leads to the appearance of additional peaks in the angular distribution of 
the radiated photon even for such ranges of values of an angle of a photon, where due to the 
requirement — 1 < y < 1 the cross-section is zero when deformation is absent. This can be used 
to control the parameters of the photon sources. 

Acknowledgment 

I am grateful to Aram Saharian for valuable discussions and suggestions. 

References 

[1] A. R. Mkrtchyan, L. Sh. Grigoryan, A. N. Didenko, A. A. Saharian, A. G. Mkrtchyan, Izv. 
Akad. Nauk Arm. SSR. Fizika 24, 62 (1989); A. R. Mkrtchyan, L. Sh. Grigoryan, A. N. 
Didenko, A. A. Saharian, Sov. Phys. JTP 61, 21 (1991); A.R. Mkrtchyan, L. Sh. Grigoryan, 
A. A. Saharian A. N. Didenko, Acustica 75, 1984 (1991); A. A. Saharian, A. R. Mkrtchyan, 
L. V. Gevorgian, L. Sh. Grigoryan, B.V. Khachatryan, Nucl. Instr. and Meth. B173, 211 
(2001). 

[2] L. Sh. Grigoryan, A. H. Mkrtchyan, A. A. Saharian, Nucl. Instr. and Meth. B145, 197 
(1998). 

[3] A. R. Mkrtchyan, H. A. Aslanyan, A. H. Mkrtchyan, R. A. Gasparyan, Phys. Lett. A152, 
297 (1991). 



9 



[4] A. R. Mkrtchyan, R. A. Gasparyan, R. G. Gabrielyan, Phys. Lett. A115, 410 (1986); JETP 
93 432 (1987); Phys. Lett. A126 528 (1988); L. Sh. Grigoryan et al., Rad. Eff. and Def. In 
Solids 152, 13 (2000); 152, 225 (2000); 152, 269 (2000); 153, 221 (2001); 153, 289 (2001); 
153, 307 (2001); L. Sh. Grigoryan et al., Nucl. Instr. and Meth. B173, 13 (2001); B173, 
184 (2001); L. Sh. Grigoryan, A. H. Mkrtchyan, H. F. Khachatryan, V. U. Tonoyan, W. 
Wagner, Nucl. Instr. and Meth.B201, 25 (2003). 

[5] A. A. Saharian, A. R. Mkrtchyan, V. V. Parazian, L. Sh. Grigoryan, Mod. Phys. Lett. A19, 
99 (2004). 

[6] A. V. Korol, A. V. Solov'yov, W. Greiner, J. Phys. G: Nucl. Part. Phys. 24 L45 (1998); A. 
V. Korol, A. V. Solov'yov, W. Greiner, Int. J. Mod. Phys. E 8, 49 (1999); R. O. Avakian, 
L. A. Gevorgian, K. A. Ispirian, R. K. Ispirian, JETP Lett. 68, 467 (1998); Q.-R. Zhang, 
Int. J. Mod. Phys. E 8 493 (1999); U. Mikkelsen, E. Uggerh0j, Nucl. Instr. and Meth. B160 
435 (2000); A. V. Korol, A. V. Solov'yov, W. Greiner, J. Phys. G: Nucl. Part. Phys. 27 
95 (2001); R. O. Avakian; L. A. Gevorgian, K. A. Ispirian, R. K. Ispirian, Nucl. Instr. 
and Meth. B173 112 (2001); A. V. Korol, W. Krause, A. V. Solov'yov, W. Greiner, Nucl. 
Instr. and Meth. A483, 455 (2002); R. O. Avakian, K. T. Avetyan, K. A. Ispirian, E. G. 
Melikyan; Nucl. Instr. and Meth. A508 496 (2003); S. Bellucci, S. Bini, V. M. Biryukov, 
Yu. A. Chesnokov et al Phys. Rev. Lett. 90, 034801 (2003); S. Bellucci, Mod. Phys. Lett. 
B 19 85 (2005); S. Bellucci, V. A. Maisheev, Nucl. Instr. and Meth. B252 339 (2006). 

[7] A. V. Korol, A. V. Solov'yov, W. Greiner, Int. J. Mod. Phys. E13, 867 (2004). 

[8] V. V. Parazian, J. Contemp. Phys. 41, 221 (2006); A. R. Mkrtchyan, A. A. Saharian, V. 
V. Parazian, Mod. Phys. Lett.B23, 2573 (2009). 

[9] A. I. Akhiezer, V. F. Boldyshev, N. F. Shulga, J. Nucl. Phys. 22, 1185 (1975). 

[10] H. Bethe, W. Heitler, Proc. Roy. Soc, 146, 83 (1934); H. Bethe, L. Maximon, Phys. Rev., 
93, 768 (1954); H. Davis, H. Bethe, L. Maximon, Phys. Rev., 93, 788 (1954); H. Olsen, 
L. Maximon, H. Wergeland, Phys. Rev., 106, 27 (1957); V. N. Baier, V. M. Katkov, V. S. 
Fadin, Radiation of relativistic electrons (Atomizdat, 1973) (in Russian). 

[11] V. V. Parazian, J. Phys.: Condens. Matter 21, 185401 (2009). 

[12] J. S. Dana, E. S. Dana and C. Frondel, The System of Mineralogy. Vol. 3 Silica Minerals 
(John Wiley and Sons, 1962). 

[13] Acoustic Crystals, Edited by M. P. Shaskolskaya (Nauka, 1982) (in Russian). 



10 



